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ABSTRACT
Recent results about topological coset models are summarized. The action
of a topological G
H
coset model (rank H = rank G) is written down as a sum
of “decoupled” matter, gauge and ghost sectors. The physical states are in the
cohomology of a BRST-like operator that relates these secotrs. The cohomology on
a free field Fock space as well as on an irreducible representation of the “matter”
Kac-Moody algebra are extracted. We compare the results with those of (p, q)
minimal models coupled to gravity and with (p, q) WN strings for the case of A
(1)
1
at level k = pq − 2 and A
(N−1)
1 at level k =
p
q −N respectively.
∗ Lecture delivered at the Nato workshop on “Low Dimensional Topology and Quantum
Field Theory” Sept. 1992, Isaac Newton Institute of Mathematical Science.
1. From TQFT’s to topological coset models
A Topological quantum field theory (TQFT)
[1]
is a QFT in which all the “ob-
servables”, namely, all correlators of “physical operators”, are invariant under any
arbitrary deformation of gαβ the metric of the underlying space-time. Given a set
of physcial operators Fi[Φ
a(xi)] which are functionals of the fields Φ
a(x), a = 1, ...p
of the theory and which are invariant under the symmetries of the theory, then the
theory is topological iff
δgαβ <
∏
i
Fi[Φ
a(x)] >= 0. (1)
for any product which is a Lorentz scalar. In particular this definition implies that
all correlators are independent of distances between the operators. In a theory
where the energy-momentum tensor Tαβ is exact under a BRST-like symmetry
operator Q, namely, Tαβ = {Q,Gαβ}, and provided that all physical operators
are in the cohomology of Q then for every product defined above property (1) is
obeyed. Thus, it is a TQFT. Schematically the proof of the latter statement is the
following
δgαβ <
∏
i
Fi[Φ
a(xi)] >= δgαβ [
∫
DΦaeiS(Φ
a)
∏
i
Fi[Φ
a(xi)]
=
∫
DΦaeiS(Φ
a)
∫
dx′Tαβ(x′)
∏
i
Fi[Φ
a(xi)]
=
∫
DΦaeiS(Φ
a)
∫
dx′{Q,Gαβ}(x′)
∏
i
Fi[Φ
a(xi)] =< {Q, } >= 0
(2)
A two-dimensional theory which is a TQFT as well as conformal, namely,
Tzz = T (z) and Tz¯z¯ = T¯ (z¯) and similarly for all the symmetry currents, is a
topological conformal field theory (TCFT). Any theory which has the following
algebra
T (z) ={Q,G(z)}
J (BRST ) ={Q, j#(z)} (3)
where Q =
∮
J (BRST )(z) is the BRST charge is a TCFT. This algebra is referred
to as the TCFT algebra
[2]
and in fact it is a sub-algebra of a larger algebra which
is shared by the TCFT’s.
[3]
An imediate consequence of the fact that T is exact is
that the theory has a vanishing Virasoro anomaly.
Obviously every conformal field theroy coupled to 2-D gravity is a TCFT after
integration over all metric degrees of freedom. We now define the concept of a
2
“topological model” which is a TQFT without the introduction and integration
over the metric. In more than two dimensions examples of such models are the
Chern-Simons theory and the four dimensional theory which corresponds to the
Donaldson invariants.
[1]
In two dimensions an example is the theory of flat gauge
connections.
[5]
We are now ready to introduce the notion of “topological coset mod-
els” which are gagued WZW models that are also topological models.
Gravitational models in two dimensions were a subjecct of intensive study in
recent years. Various different approaches were invoked in this domain of research.
Starting from continuum Liouville theory and the light-cone world sheet formula-
tion
[7]
through matrix
[8]
models, KdV hierarchies to the Kontsevich integral
[9]
. Yet
another possible approach is that of the topological coset models. Here we sum-
marize some recent work
[10,11,12]
in extracting the space of physical states of those
models and reveal some correspondence between these models and matter models
like the (p, q) minimal models coupled to two dimensional gravity
2. The quantum action of a twisted GH model
The classical action of the twisted G
H
model
[13]
is that of level k twisted super-
symmetric G-WZW model coupled to gauge fields in the algebra of H ∈ G. In
other words it is the usual GH model with an extra set of (1, 0) anti-commuting
ghosts where the dimension one fields take their values in the positive roots of
G
H and the dimension zero fields in the negative ones. The action of the model
reads
S(tKS) = Sk(g, A, A¯) + S
G
H
(gh)
Sk(g, A, A¯) = Sk(g)− k
2π
∫
Σ
d2zTrG[g
−1∂gA¯z¯ + g∂¯g−1A− A¯g−1Ag + AA¯]
S
G
H
gh =
i
2π
∫
d2z
∑
α∈G
H
[ρ+α(D¯χ)−α + ρ¯+α(Dχ¯)−α]
(4)
where g ∈ G and Sk(g) is the WZW action at level k. In the case that H = G
the model coincides with the G
G
model.
[14]
In the case that Σ is topologically trivial
the gauge fields can be parametrized as follows A = ih−1∂h, A¯ = ih¯∂¯h¯−1 where
h(z), h¯(z) ∈ Hc.[15]For the U(1) parts of H we take A = i∂Hs where s goes over
the U(1) factors. The WZW part of the action then
[16,17,18]
takes the form
Sk(g, A) = Sk(hgh¯)− Sk(hh¯) (5)
The Jacobian of the change of variables introduces a dimension (1, 0) system of
anticommuting ghosts χ and ρ in the adjoint representation of H . The WZW
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action thus becomes
Sk(g, A) = Sk(hgh¯)− Sk(hh¯) + i
2π
∫
d2zTrH [ρD¯χ+ ρ¯Dχ¯] (6)
where Dχ = ∂χ− i[A, χ]. One then fixes the gauge by setting h¯ = 1 which implies
A¯ = 0 and redefining hg → g. We shall treat in detail the case of G = SU(N) and
H = SU(N1)× ... × SU(Nn)× U(1)r with r = N − 1 −
∑n
I=1NI + n, the gauge
fields A take the form A = i
∑n
I=1 h
(I)(−1)∂h(I) + i
∑r
s=1 ∂Hs and the twisted
Kazama-Suzuki
[19]
action is given by
S(tKS) = Sk(g)−
n∑
I=1
Sk(h
(I))− k
4π
∫
d2z
r∑
s=1
∂Hs∂¯Hs
+
i
2π
∫
d2zTrH [ρD¯χ+ ρ¯∂χ¯] +
i
2π
∫
d2z
∑
α∈G
H
[ρ+α(∂¯χ)−α + ρ¯+α(Dχ¯)−α]
(7)
To achieve in the level of the action a complete decoupling of the matter, gauge and
ghost sectors, one has to perform now a chiral rotation to eliminate the coupling
between the ghost and A in (7). This can be performed by an explicit computation
of the change in the measure of the ghosts or by non-abelian bosonization of the
latter and using the Polyakov Wiegmann formula
[20]
in the corresponding WZW
actions. These two approaches lead to the same result
[12]
which for rank H =
rank G is the following quantum action.
Sk =Sk(g) +
n∑
I=1
S−(k+CG+CH(I))(h
(I))+
1
2π
∫
d2z[
r∑
s=1
∂Hs∂¯Hs + i
√
2
k + CG
(~ρG − ~ρH) · ~˜HR]
+
i
2π
∫
d2zTrH [ρ¯∂χ + ρ∂¯χ] +
i
2π
∫
d2z
∑
α∈G
H
[ρ+α(∂¯χ)−α + ρ¯+α(∂χ¯)−α]
(8)
where we have normalized the ~˜H fields to be free bosons, and ~ρG and ~ρH are half
the sums of the positive roots of G and H respectively. The action is composed of
three decoupled sectors: the matter sector, the gauge sector and the ghost sector
involving ghosts in H and GH .
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3. The algebraic structure of the twisted Kazama-Suzuki model
The next step in analyzing the twisted GH models is to determine under what
conditions are they TCFT’s. For that purpose one needs to derive the algebraic
structure of these models. We start with the Kac-Moody algebra associated with
the group H . We define the currents J (tot)
a
I for each non-abelian group factor
H(I), and for each U(1) group, as
J (tot)
a
I = J
a + Ia + ifabcρ
bχc + i
∑
αβ∈G
H
faα,−βρ
αχ−β. (9)
where Ja, Ia are the contributions of the g and h sectors respectively. The contri-
bution of the ghost currents consists of both the H and G
H
parts to be denoted by
JaH and J
a
G
H
respectively. The level of these currents vanishes
k
(tot)
I = k − (k + CG + CHI ) + 2CHI + (CG − CHI) = 0. (10)
For the abelian case there is a similar expression now with CHI = 0.
The energy momentum tensor T can be decomposed, in a way which will be
found later to be natural, into T = TH + T
G
H as follows
T (z) =
1
2(k + cG)
g
a˜b˜
: J a˜J b˜ : − 1
2(k + cG)
gab : I
aIb : +gabρ
a∂χb
−
√
2
k + CG
(~ρG − ~ρH)∂~I +
∑
α∈G
H
ρ+α(∂χ)−α
TH(z) =
1
2(k + cG)
gab : (J
a + JaG
H
)(Jb + JbG
H
) : − 1
2(k + cG)
gab : I
aIb :
−
√
2
k + CG
(~ρG − ~ρH) · ∂( ~J + ~I + ~JG
H
) + gabρ
a∂χb
T
G
H (z) =
1
2(k + cG)
g
a˜b˜
: J a˜J b˜ : − 1
2(k + cG)
gab : (J
a + JaG
H
)(Jb + JbG
H
) :
+
√
2
k + CG
(~ρG − ~ρH) · ∂( ~J + ~JG
H
) +
∑
α∈G
H
ρ+α(∂χ)−α
(11)
where a˜ and b˜ go over the adjoint of G. ~J , ~I and ~JG
H
are the Cartan-subalgebra
currents given in the basis in which [J in, J
j
m] = knδ
ijδm+n. The total Virasoro
central charge is found to be
5
c =
kdG
k + CG
+
n∑
I=1
(k + CG + CHI )dHI
k + CG
+r−2dH−(dG−dH)+6[
√
2
k + CG
(~ρG−~ρH)]2 = 0
(12)
where we have used, assuming G is a simply laced group, the relations 12ρ2G =
dGCG, and ~ρH · (~ρG − ~ρH) = 0.
Upon gauge fixing, the gauge invariance is transformed into a BRST symmetry
generated by a dimension one current J (BRST ). This current has a dimension two
partner G. These two anti-commuting currents are given by
J (BRST ) =gabχ
a[Jb + Ib + JbG
H
+ 12J
(gh)b
H ]
=gabχ
a[Jb + Ib +
i
2
f bcdρ
cχd + if bγ,−βρ
γχ−β ]
GH =
gab
2(k + cG)
ρa[Jb − Ib + if bγ,−βργχ−β]−
√
2
k + CG
(~ρG − ~ρH) · ∂~ρ
(13)
It is straightforward to realize that TH(z) is BRST exact
TH(z) = {Q(BRST ), GH(z)} (14)
where Q(BRST ) =
∮
dzJ (BRST ). As was shown in ref.[13] the addition of the coset
ghosts turned the model into a twisted N = 2 model. The twisted N = 2 algebra
is generated by Q
G
H and G
G
H given by their N = 2 counterparts
[19]
with the fermions
replaced with ghosts.
Q
G
H =
∑
αβγ∈G
H
χ−α(Jα +
i
2
fαγ,−βρ
γχ−β)
G
G
H =
1
k + CG
∑
αβγ∈G
H
ρα(J−α +
i
2
f−αγ−βρ
γχ−β).
(15)
T
G
H defined above is exact with respect to Q
G
H
T
G
H = {QGH , GGH }. (16)
The various Q′s and G′s obey the following anti-commutation relations:
{QGH , Q(BRST )} = {QGH , GH} = {Q(BRST ), GGH } = 0
{Q(BRST ), Q(BRST )} = {QGH , QGH } = {GGH , GGH } = 0
{GH , GH} = 1
4(k + CG)2
fabcρ
aρbJ (tot)
c
(17)
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The fact that GH is not nilpotent is shared by several other TCFT’s, in particular
the GG models. Defining now the combined generators
Q = Q(BRST ) +Q
G
H G = GH +G
G
H (18)
we find that (for rank G = rank H) the following relations hold
T (z) ={Q,G(z)}
J (BRST ) ={Q, j#(z)}
J (tot)
a
={Q, ρa}
(19)
where J (tot)
a
denotes a current in the algebra of H and j#(z) = gabρ
aχb +∑
α∈G
H
ρ+αχ−α. Hence, from the algebraic structure one finds that the twisted
G
H models are indeed TCFT’s provided that rank G = rank H .
4. BRST cohomology and Physical states
Next we proceed to extract the space of physical states of the model. We take as
our definition of a physical state a state in the cohomology of Q = Q(BRST )+Q
G
H ,
namely, |phys >∈ H∗(Q). In the case that the spectral sequence [21]of the double
complex of Q(BRST ) and Q
G
H degenerates at the E2 term, this is the same as
taking one cohomology and then the other. The extraction of the physical states
was worked out in detail in refs. [10,11,12]. The procedure for the twisted GH is
very much like the one of the G
G
models. Hence, we summarize here the analysis of
the A
(1)
1
G
G model. Expanding the currents J
a, Ia and the (1, 0) ghost fields ρa, χa
in modes and inserting them into eqn. (13) we obtain the following BRST charge
Q =
∞∑
n=−∞
[gabχ
a
n(J
b
−n + I
b
−n)− 12fabc
∞∑
m=−∞
: χa−nχ
b
−mρ
c
n+m :] (20)
where : : denotes normal ordering namely putting modes with negative subscripts
to the left of those with positive ones and ρa0 to the right of χ
a
0. Since both J
(tot)a
n
and Ln are Q exact namely
{Q, ρan} = J (tot)
a
n {Q,Gn} = Ln (21)
it follows that
L0|phys >= 0 J (tot)
0
0|phys >= 0 (22).
For non-vanishing eigenvalues of L0 and J
(tot)0
0 it is easy to see that |phys > is in
the image of Q which cannot be true for a non-trivial |phys >∈ H∗(Q).
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Let us now select a sub-space F(J,I) of the space of physical states on which
ρ00 = 0 in addition to J
(tot)0
0 = L0 = 0. On this sub-space Q which may be written
as
Q = χ00J
(tot)0
0 +Mρ
0
0 + Qˆ
M = −12f0bc
∑
n6=0
: χb−nχ
c
n : −12f0bc : χb0χc0 :, (23)
equals Qˆ. We thus start by deducing H∗(Qˆ) the cohomology of Qˆ. The states
which correspond to the latter are built on a highest weight state vacuum |J, I >.
A convenient way to handle the Ja and Ia currents is to invoke the following
“bosonization”
[22]
J+n = βn
J0n =
∑
m
: βmγn−m : +
a√
2
φn
J−n = −
∑
k,m
: γmγkβn−m−k : −
√
2a
∑
m
φmγn−m + knγn
(24)
where a2 = k + 2. The fields β and γ form a bosonic (1, 0) system with [γm, βn] =
δm+n. The modes φn correspond to the dimension one operator i∂φ and they
obey [φm, φn] = mδm+n. In the I sector we use an inverted bosonization I
0
n ↔
−I0n , I+n ↔ I−n , expressed by operators with tildes I−n = b˜n etc, and also take
k → −k − 4. It is easy to realize that the highest weight conditions are obeyed
only provided β0|J, I >= γ˜0|J, I >= 0. The normal ordering, however, is with
respect to the usual SL(2, R) invariant vacuum β0|J, I >= β˜0|J, I >= 0. The next
step following ref. [23] is to assign a degree to the various fields. The idea is to
decompose Qˆ into terms of different degrees in such a way that there is a nil-potent
operator that carries the lowest degree which is zero. An assignment that obeys
this requirement is the following
deg(χ) = deg(γ) = deg(γ˜) = deg(φ+) = 1
deg(ρ) = deg(β) = deg(β˜) = deg(φ−) = −1 (25)
The spectral sequence decomposition of Qˆ takes the form
8
Qˆ =Q(0) +Q(1) +Q(2) +Q(3)
Q(0) =
∑
n
χ−−nβn + 2a
∑
n6=0
χ0−nφ
−
n +
∑
n
χ+−nβ˜n. (26)
where φ±n =
1√
2
(φn ± iφ˜n). Q(0) is nil-potent on the entire Fock space.
We proceed now to compute H∗(Q(0)), since, if there is a finite number of
degrees for each ghost number, according to the Lemmas of ref. [23] H∗(Q(0)) is
isomorphic to the cohomology of Qˆ. Recall that states in F(J,I) are annihilated by
 L0 =Lˆ0 +
1
k + 2
[J(J + 1)− I(I + 1)]
J (tot)
0
0 =J + I + 1 + Ĵ
(tot)
0
0.
(27)
It is easy to check that Lˆ0 and Ĵ (tot)
0
0 are exact under Q
(0) and therefore both of
them annihilate the states in the cohomology of Q(0) on F(J,I) . Hence, there are
no excitations in H∗(Q0). Moreover, since L0 = 0, states in the latter must have
either I = J or I = −(J + 1). Let us now extract the zero modes contributions to
the cohomology . The general structure of these states is
|nγ , nβ˜, n+, n− >= (γ0)nγ (β˜0)nβ˜(χ+0 )n+(χ−0 )n−|I, J > (28)
where obviously n+, n− = 0, 1 and nγ , nβ˜ are non-negative integers. It is now
straightforward to deduce the Kernel and the Image of Q(0). It turns out that the
only possible state in the relative cohomology of Q(0) is χ+0 |I, J >, and from the
condition J (tot)
0
0 = 0 we find a state only provided that I = −J − 1 and then
Hrel(Q(0)) = {χ+0 | − (J + 1), J >}. (29)
The passage from the relative cohomology to the absolute one is then given by
Habs(Q(0)) ≃ Hrel(Q(0))⊕ χ00Hrel(Q(0)) (30)
in the same way as in ref. [23]. We conclude that the cohomology of Q on the full
Fock space includes states of arbitrary J with a corresponding I = −(J + 1) and
with ghost number G = 0, 1, where we have shiftted the definition of the ghost-
number so that the state χ+0 |I, J > is at G = 0. There is only one state at each
ghost number.
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For the general case of a twisted GH the generalization of the bosonization of eqn.
(24) is performed in terms of the scalars φi, i = 1, ..., ran G and the commuting
(1, 0) systems (βα, γα) (α > 0) (i ≤ j).[11]Following a similar derivation as that of
the SL(2, R) case one finds
[25,23]
the corresponding relative cohomology
Hrel(Q) = {
∏
α∈H,α>0
χα0 | ~J, ~I >; ~J + ~I + 2~ρH = 0}. (31)
where ~ρH is half the sum of the positive roots of H . Since the scalars φi in the J
sector have a background charge of i√
k+CG
~ρG ·∂2~φ while those in the I sector have
a background charge of i√
k+CG
(2~ρH − ~ρG) · ∂2 ~˜H, we find that the weight of this
state is L0 =
1
k+cG
[ ~J · ( ~J + 2~ρG)− ~I · (~I + 2(2~ρH − ~ρG))] = 0 for ~J + ~I + 2~ρH = 0.
This state corresponds to one of the “tachyon” states of the WN models based on
G = SU(N).
[26]
The absolute cohomology (without the restriction ρi0 = 0 ) is
Habs(Q) ≃ Hrel(Q)⊕
∑
{k1,...,kl}
χk10 ...χ
kl
0 H
rel(Q) (32)
where the sum is over {k1, ..., kl} which are all possible subsets of the set 1, ..., rank G.
Thus, each state in the relative cohomology gives rise to 2rank G states in the ab-
solute cohomology.
5. Irreducible representation and the BRST cohomology
So far we have analyzed the cohomology on the whole Fock Space. The next
step in the extraction of the physical states is to pass from the cohomology on the
Fock space to the irreducible representations of the level k Kac- Moody algebra in
the J sector. To simplify the discussion we continue to address the A
(1)
1
G
G model.
In general a representationwith highest weight L is reducible iff 2L+ 1 = r− (s−
1)(k + 2) where r and s are integers with either r, s ≥ 1 or r < 0, s ≤ 0.[27]In the
G
G
model with G = A
(1)
1 we therefore have reducible representation for Jr,s and Ir,s
where
2Jr,s + 1 = r − (s− 1)(k + 2) 2Ir,s + 1 = r + (s− 1)(k + 2) (33)
Note that Jr,s = −I−r,s − 1. Completely irreducible representations, which have
infinitely many null vectors, appear provided that k + 2 = pq for p and q positive
integers which can be chosen with no common divisor. In this case Ir,s = Ir+p,s−q
and Jr,s = Jr+p,s+q. It is, thus, enough to analyze the domain 1 ≤ s ≤ q, and we
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will choose 1 ≤ r ≤ p − 1. This choice corresponds to the double line embedding
diagram.
[28]
The states corresponding to r = p have a single line embedding diagram.
It was found that
[28]
for the case of the double line one can construct the irreducible
representation which is contained in Fr,s , the Fock space built on |Jr,s >. This
is achieved via the cohomology of an operator QJ which acts on Fr,s the union
of the Fock spaces that correspond to Jr+2lp,s and J−r+2lp,s for every integer l. It
turns out
[28]
that the relevant information is encoded in H0(Fr,s , QJ ) and all other
levels of the cohomology vanish. The cohomology is only in the J sector and not
in the I sector just as there is no use of the cohomology of the Liouville sector in
models of c < 1 matter coupled to gravity
[23]
. Thus, the space of physical states of
ghost number n is given by
H
(n)
rel [H
(0)(Fr,s , QJ )×FI ×FG, Q] (34)
where FG is the ghosts’ Fock space built on the new vacuum |0 >G. Since QJ acts
only in the J sector we can rewrite H
(n)
rel as
H
(n)
rel [H
(0)(Fr,s ×FI ×FG, QJ ), Q]. (35)
Moreover, since {Q,QJ} = 0 one can use theorems [21]about double cohomologies
and write this as isomorphic to
H(n)[H
(0)
rel (Fr,s ×FI ×FG, Q), QJ ]. (36)
The theorems
[21]
apply only provided that each cohomology separately is different
from zero only for one single degree as was shown above. In fact, we have already
calculated H
(0)
rel (Fr,s × FI × FG, Q) since Fr,s is the union of free Fock spaces.
Hence the result is that the latter has one state if the Fock space of J = −I − 1 is
in Fr,s , and it is empty otherwise. For each Jr,s we get states at I = −Jr+2lp,s−1
and I = −J−r+2lp,s − 1 where their ghost number is equal to the corresponding
degree in the complex of ref. [28] . For each such Jr,s there is an infinite set of
states with I = I−r−2lp,s G = −2l and I = Ir−2lp,s G = 1− 2l for every integer l.
Following the same steps for G =SL(N,R) one finds for each maximal weight
J of Gk a rank G dimensional vector of states. This implies also that there is
an rank G − 1 dimensional lattice of states for each ghost number and J . The
latter situation follows from the N−1 dimensional lattice of Fock spaces which are
derived by Weyl reflections as well as shifts by linear combinations of roots.
[24]
The
physical states in the G =SL(2, R) model are characterized by Lˆ0 and
ˆJ (tot)
0
0 as
follows
11
J = Jr,s, I = I−r−2lp,s, J = Jr,s, I = Ir−2lp,s,
G = −2l G = 1− 2l
Lˆ0 = l
2pq + l(qr − sp) + lp Lˆ0 = l2pq − l(qr + sp) + r(s− 1) + lp
ˆJ (tot)
0
0 = lp
ˆJ (tot)
0
0 = lp− r
(37)
vanishes and our ghost vacuum has J0 = 1. For integer k we have J = 0, ..,
k
2 .
Let us now examine the index interpretation of the torus partition function.
[17]
We
want to check now whether it can be rewritten as a trace over the space of the
physical states. One has to insert the values of Lˆ0 and Jˆ
0
(tot) of eqn. (37) into
Tr[(−)GqLˆ0eipiθĴ0(tot)], with Ĵ0(tot) and G shifted to the values defined for an SL(2)
invariant vacuum. Inserting these values for every l, and adding the values of the
level and the eigenvalue of J (tot)
0
of the |J > vacuum, namely Lˆ0 → Lˆo + J(J+1)k+2
and Ĵ (tot)
0
→ Ĵ (tot)
0
+ J , one finds
Tr[(−)GqLˆ0eipiθĴ0(tot)] = 2iq −14(k+2) e−ipi θ2Mk,J (τ, θ). (38)
where
Mk,j(τ, θ) =
∞∑
l=−∞
q(k+2)(l+
j+
1
2
(k+2)
)2sin{πθ[(k + 2)l + j + 12 ]} (39)
is the numerator of the character which corresponds to the highest weight state J .
We have, thus, rederived using the BRST cohomology and the index of above, the
path integral results of ref. [17], for the partition function.
6. Comparison with gravitational models
The main motivation to analyse the twisted G
H
models was the idea that they
will be found to be equivalent to certain gravitational models. More specifically,
we expect a correspondence between the A
(1)
N−1twisted
G
H models and WN strings
and, in particular, between the case of G = SL(2) and minimal models coupled to
gravity. Let us now check whether one can map the topological coset models into
string models. In fact, for reasons that will be clarified shortly, it is clear that the
comparison to the gravitational models should be done with the topological coset
models only after twisting their energy-momentum tensor. For G =SL(N,R) the
12
latter is given by
T (z)→ T˜ (z) = T (z) +
N−1∑
i=1
∂J (tot)
i
(z) (40)
Obviously since T (z) and ∂J (tot)
i
(z) are BRST exact so is T˜ (z). Thus, the total
Virasoro anomaly is unchanged. However, the contribution of each sector to c is
modified as follows
cJ → c˜J = cJ−dGCGk cH(I) → c˜H(I) = cH(I)+dH(I)CH(I)(k+CG+CH(I)), (41)
and the shift in the ghost contribution can be found from a similar expression or
from the fact that the sum of the shifts vanishes. We consider here for simplicity
the case of G = SL(N,R). The twisted ghost sector includes the ghosts of a WN
gravity, namely, a sequence of ghosts with dimensions (i, 1 − i) for i = 2, ..., N
contributing c˜Wgh = −2(N − 1)[(N + 1)2 + N2] to c˜. The rest of the ghosts are
paired with commuting fields of the same conformal structure coming from the
J and I sectors. For N = 2 one finds c˜Wgh = −26 − 2#pairs where there are
two pairs in the GG model and one in the
SL(2)
U(1) case. The net matter degrees of
freedom have the following Virasoro anomaly c = c˜J − 12 [c˜(gh) − c˜Wgh] = (N −
1)[(2N2 + 2N + 1) − N(N + 1)(t + 1t )] which is exactly that of a (p, q) minimal
WN matter sector
[29]
provided t ≡ k + N = pq . This was explicitly verified by
analyzing the dimensions and contributions to c˜ of the various free fields in the
J sector
[11]
. The expression for c reduces to that of the p, q minimal model (
plus 2) for N = 2. Before twisting the contribution of the set of all φi to c is
cφ = (N − 1) − 12
∑
i,j
gij
k+N = −(N − 1)[ (N
2+N)
t − 1]. Due to the twisting the
(β(ij), γ(ij))
[30]
systems acquire dimensions of (i − j, j − i + 1) and thus there are
N − 1 systems of dimension (0, 1), N − 2 pairs of fields of dimension (−1, 2) up to
one pair of dimensions (2−N,N − 1) . The φ central charge is modified to
c˜φ = (N − 1)[(2N2 + 2N + 1)−N(N + 1)(t+ 1
t
)] (42)
which is identical to the net matter contribution to c given above and hence the
φi fields are in fact those of the WN model. A further indication of the latter
equivalence is the dimensions of the φ fields which correspond to the maximal
weights λj =
∑
k g
jk[(rk − 1)− t(sk − 1)] which after the twisting are
∆r1,...,rN−1,s1,...,sN−1 =
12
∑
i,j g
ij(psi − qri)(psj − qrj)−N(N2 − 1)(p− q)2
24pq
(43)
as in the WN minimal models.
[29]
If one parametrizes the I sector in the same way
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as the J sector, then clearly the modified dimensions of the (β˜(ij), γ˜(ij)) fields are
the same as those without tilde. From the point of view of their contribution to c˜
the φ˜i fields are then identical to those ofWN gravity. This is achieved by replacing
t with −t in c˜φ defined above. With respect to the untwisted T the ghosts (ρa, χa)
are all of dimension (1, 0). The ghost part of T˜ (z) has the form
T˜ (gh)(z) =gab : ρ
a∂χb :
+
∑
1≤i≤j≤N−1
(j − i+ 1)∂[: ρ−(ij)(z)χ+(ij)(z) : − : ρ+(ij)(z)χ−(ij)(z) :].
(44)
It is thus obvious that the members of the Cartan sub-algebra ρi, χi remain (1, 0)
fields. On the other hand the pair (χ+(ij), ρ−(ij)) carries now dimensions (i− j −
1, 2 + j − i) and (χ−(ij), ρ+(ij)) carry dimensions (j − i+ 1, i− j). Altogether one
finds for the (χ, ρ) ghosts N − 1 pairs of fields of dimension (0, 1) coming from
the Cartan sub-algebra, N − 1 pairs of dimension (−1, 2) N − 2 pairs of dimension
(−2, 3) up to a pair of dimension (1−N,N), and similarly N−1 pairs of dimension
(1, 0) up to one pair of (N − 1, 2− N). It is now clear that when the dust settles
the G
G
model of SL(N,R) at level k = p
q
− N has the field content of a minimal
WN (p, q) model coupled to WN gravity plus pairs of “topological sectors” namely
pairs of commuting and anti-commuting (i, 1− i) systems for i = 1, ..., N − 1.
Next we want to compare the partition function of the (p, q) model to that of
G
G for G = SL(2) and k =
p
q − 2. Comparing eqn. (38) to the numerator of the
character of the minimal model it is clear that correspondence might be achieved
only provided one takes τ = −12θ. Recall that in the topological coset models we
integrate in the path-integral only over θ ( and not over τ) and the result is τ
independent.
[17]
In this case the numerator of the character in the minimal model
which is proportional to Tr[(−1)GqLˆ0 ] is mapped into Tr[(−1)GuLˆ0−Ĵ(tot)
0
0 ] in the
G
G model. The integration over the moduli parameter of the torus is therefore
replaced by the integration over the moduli of flat gauge connection. We thus need
to compare the number of states at a given level and ghost number in the minimal
models with the corresponding numbers at the same ghost number and “twisted
level”. From eqn. (37) we read
I = I−r−2lp,s G = −2l Lˆ0 − Ĵ (tot)
0
0 = l
2pq + l(qr − sp)
I = Ir−2lp,s G = 1− 2l Lˆ0 − Ĵ (tot)
0
0 = l
2pq − l(qr + sp) + rs
. (45)
In the minimal models we have states built on vacua labeled by the pair r, s
with 1 ≤ r ≤ p − 1 and 1 ≤ s ≤ q − 1 with ps > qr which have dimen-
sion hr,s =
(qr−sp)2−(p−q)2
4pq . The levels of the excitations are Lˆ0 = ∆ − hr,s.
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For G = 2l + 1 one has ∆ = A(l) =
[(2pql+qr+sp)2−(q−p)2]
4pq and for G = 2l
∆ = B(l) =
[(2pql−qr+sp)2−(q−p)2]
4pq .
[31,32]
Hence, the the contribution of the vari-
ous levels to the partition function are identical to those of Lˆ0 − Ĵ (tot)
0
0 in eqn.
(45) for the same ghost numbers and the respective vacua satisfy J =
√
p
2qpm and
I = −
√
p
2qpL where pm and pL are the matter and Liouville momenta respectively.
It is thus clear that for a given r, s we get the same number of states with the
same ghost number parity in the two models and thus the two partition functions
on the torus are in fact identical. To obtain the partition function of the (p, q)
models coupled to 2d gravity we have restricted r and s as follows 1 ≤ s ≤ q − 1
and 1 ≤ r ≤ p− 1. It is interesting to note that we could include in the sum over
r and s which appears in the partition function also the terms with r = p. Those
terms arise from the states which have a single line as their embedding diagram.
The r = p terms cancel between themselves and do not change the result for the
partition function.
7. discussion
The description of gravitational (WN gravity) models via topological coset
models is far from being complete. A comparison of the correlators of the latter
with those of other formuations of 2d gravity (WN gravity) is still missing. Another
challenge is to extract information on the behaviour of the models on higher genus
Riemann surfaces. The differneces between models which correspond to various H
for a given G are only partially understood. Possible flows between these models
and in general “renormalization” flows in the space of TCFT’s are under current
study. The precise relations between the present formulation and the known results
on chiral rings of N = 2
[33]
theories deserve further investigation.
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